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Noncommutative Field Theory

» Noncommutative field theories appear as effective theories in
many physical scenarios, and in particular as frameworks for models

of quantum gravity

» QFTs may teach us something about the interplay between quantum
mechanics and short-distance spacetime structure

» Example: In constant NS-NS B-field backgrounds, open string
interactions in CFT correlation functions captured by Moyal-Weyl
star-product:

frg = -exp(50"0,20,)(frg) , 6 = B!

Low-energy dynamics described by
noncommutative gauge theory
Douglas & Hull '97;

d
Ardalan, Arfaei & Sheikthabbari('98; Chu & Ho '98;
Schomerus '99; Seiberg & Witten '99; ...)



UV/IR Mixing

» These theories are plagued by the problem of UV/IR mixing:

o(k)da) — d(k)dlq) e, kxq = 3k, 0"q,
ki
i > kyxky
= e I<J

ko
with ky + ko + ... + k, = 0; effective at energies E with EvVo <1

» Non-planar graphs: UV cutoff A = Effective IR cutoff
1

N = (Minwalla, Van Raamsdonk & Seiberg '99)

oA

» The field theory cannot be renormalized!!!



UV/IR Mixing

Grosse—Wulkenhaar model: Real Euclidean scalar \ ¢3%-theory in
background harmonic oscillator potential:

0+— O+3w®% , % =20"x

QFT symmetric under Fourier transformation of fields: k, < X,

Renormalizable to all orders in A
(Langmann & Sz '02; Grosse & Wulkenhaar '04; Rivasseau et al. '05; ..

In this talk: A new approach to renormalizable noncomm QFT by
modifying the path integral directly (not the classical theory)
— this is called braided quantum field theory

Renormalization properties of braided QFT very different

— UV/IR mixing seems far less severe and maybe even absent
(Oeckl '00; Balachandran et al. '06; Bu et al. '06; Fiore & Wess '07; ...)

)



Braided Quantum Field Theory

Higher structures: Deform L.-algebra description of (noncomm) field
theories: Braided L..-algebras construct braided field theories
equivariant under a triangular Hopf algebra action, with braided

noncommutative fields (Dimitrijevi¢ Ciri¢, Giotopoulos, Radovanovi¢ & Sz '21)
Notion of braided gauge symmetry is not new — kinematical aspects of
this idea have appeared before (Brzezinski & Majid '92; ...)

— ideas and techniques borrowed from twisted noncommutative gravity
(Aschieri et al. '05; ...)

Oeckl’s algebraic approach to braided QFT based on braided Wick's
Theorem and Gaussian integration — (Oeckl '99; Sasai & Sasakura '07)
but does not treat theories with gauge symmetries

Goal: Apply modern incarnation of Batalin-Vilkovisky (BV) quantization
(a la Costello-Gwilliam), in a braided version which completely captures
perturbative braided QFT with explicit computations of correlation
functions (Nguyen, Schenkel & Sz '21)



Drinfel’d Twist Deformation

Let F = f*®f, € UN(TM)® UF(TM) be a Drinfel'd twist;
e.g. Moyal-Weyl twist F = exp ( — %0’“’ Oy ® ('9,,)

If Ais a UF(TM)-module algebra (functions, forms, tensors on M),
then I'(TM) acts on A via Lie derivative and Leibniz rule

Deform product on A into a star-product:
axb = -Fla®b) = f*(a) f.(b)

Defines noncommutative algebra A, carrying representation of
twisted Hopf algebra Uxl(TM)

If A is commutative, then A, is braided-commutative:
axb = R.(b)* R%(a)

R = F 2 = R*®R, = triangular R-matrix



Braided Gauge Symmetry

> Braided Lie algebra Q2(M, g): [\, ]y = [ —Jgo F (M ® X2)

» Braided antisymmetry and braided Jacobi identity:
A1, A2y = —[Rad2, R A1)«

[)‘17 [)‘27 )‘3];];( = [[)‘17 )‘2137 >‘3]$ + [RQ(AQ)f [RQ(A1)7 )‘3];(];

(Woronowicz '89; Majid '93; ...)
» For matrix g: [)\1,)\2]; = A1 x A — Ra()\z) * Ra()\l) 7& [Al’sz]g

» Braided gauge fields, matter fields A€ QY(M,g) , ¢ € QY(M, W)
transform in (left) braided representations:

0xp = —Ax¢ , BRA = dA— [N\ A];



Braided Gauge Symmetry

> Braided gauge transformations satisfy braided Leibniz rule:
53(¢p @A) = 030 @A+ R @ 0arA

» Braided gauge transformations close a braided Lie algebra:

* * * . *
[5)\1’ 5/\2] = 5)\1 6§2 - (5;%(1)\2 6E°‘/\1 = 6[*)\1,)\2]’5

» Braided left/right covariant derivatives:
dd ¢ = dp+AN @ , d2.¢ = do + Ra(A) Ar RY(9)
Braided covariance: 8} (de’RqS) = =A% (de’sz)

» Braided curvature:

Fi = dA+3[AAlL , 63Fh = —INFAG



L..-Algebras of Classical Field Theories

» [ . -algebras organise gauge symmetries and dynamics:

- = Vo — Vi — V> — V3 —
gauge par. fields field egs. Noether ids.

(Hohm & Zwiebach '17; Juro, Raspollini, Simann & Wolf '18)
» Multilinear maps ¢, : A"V — V on V = .- V1oV VID - :
L(l(v)) =0 (V,41) is a cochain complex
L(L(v,w)) = L(l(v),w) £ (v, l(w)) (1 is a derivation of 4,
Lo(v, lo(w, u)) + cyclic = (€003 +¥304¢1)(v,w,u) Jacobi up to homotopy
plus “higher homotopy Jacobi identities”

» [ -algebras are homotopy coherent generalizations of Lie algebras
» Graded inner product (—,—):V x V — R gives cyclic structure:

<V0a€n(vla V2a MR Vn)> - :l: <V,-,,€n(V0, V17 M | VI‘I—l)>



Braided L..-Algebras of Braided Field Theories

> If (V,{¢,}) is a classical L.,-algebra in the category of
UT(TM)-modules, then (V,{¢}}) is a braided L.-algebra in the
category of Ur[(TM)-modules, where

(v A Avy) = Lp(vi As - Ak Vi)

» Braided graded antisymmetry:
Cv ) = —(=D)MIVT g R (V) RY(V), .. )
+ braided homotopy Jacobi identities (unchanged for n = 1,2)

» Braided L..-algebras are homotopy coherent generalizations of
braided Lie algebras

» Cyclic inner product: (—,—), = {—,—)o F~!



Braided L..-Algebras of Braided Field Theories

Braided gauge transformations YA = £§(A) + 5(NA) + - --

close a braided Lie algebra under braided commutator [—, —]*

Braided field eqs F; = (i(A) — % (5(A,A) +--- are covariant:
O5Fi = GOSFR) + 5 (BOSFRA) = VA FR) + -

Braided Noether ids from weighted sum over all braided homotopy
identities on (A"):

TiFi = G(FA)+ 35 (G(FA,A) —G(A FL))
+3 0 (65(A%) + L (B (05(A%), A) — L5(A, L5(A))) + -

Action: S* = (A 65(A)x — & (A L5(AA)) .+
65 = (6AFL). . 835" = —(NIiF5).

Systematic constructions of new noncomm. field theories with no
new degrees of freedom, good classical limit, and some “surprises”



Braided Noncommutative Yang-Mills Theory

> Starting from S = 1 [ Try(Fa AxFa) for A€ QYRY,g),
Yang-Mills L.-algebra is not a dg Lie algebra (¢3(A%) # 0)

> Braided Yang-Mills L..-algebra gives braided field equations:
%(de*FX‘f'de*FZ)

+ 1 [Ra(A), +[R(A), AL 17 — & [A +[A AL 7 + G2 [« (A, A1 Al = 0

g
Covariant, classical limit gives Yang-Mills equations d* % F4 = 0
» Action:
* 1 *
ST = E/TI‘B(FX/\* *FA)

+% Trg ([A, Ra(A); Av +[RE(A),ALL) — [A AL Av +[A,ATL)

Gauge invariant with good classical limit

» Noether ids: complicated modification of d4(d”* Fa) = 0 ...
— New deformation of Yang-Mills theory



v

Braided BV Formalism
(V,{:},(—,—)«) — braided cyclic L,.-algebra

Braided symmetric algebra Symg V[2]:
e = (DI (Rav) (R%)

Extended braided L..-algebra {¢:**} on (SymgV[2])® V:
6" (a®v) = awli(v)

fﬁeXt(al ®v,a® V2) = +a (Ra32)£§(RO‘V17 V2) etc.

Choose dual bases ¢, € V , ¢* € V* ~ V3] and ‘contracted
coordinate functions’ a = p*®e¢, € (SympV[2])® V

Braided BV Action Sj, € Symg V[2]:

Sav = So Sk = 3 G7(@))wext + 37 (@, 637 (2, 2)) wext + -



Braided BV Formalism

» (Classical) Master Equation: {S},,S:,}« = 0,
with bracket {p, v}, = (@, ), 1 for ¢, € V[2]

> Q2 = 0 where Q = ZI—’_{Sﬁ(’lt’_}*

> Classical observables (Symg V[1]* ~ Symz V[2], Q,{—, —}.)
form a braided Py-algebra:

—Q{p, v} = {Qu, ¥} + (—1) {p, Q1. Leibniz rule
{o, 0}, = (-1)?IPI{R ), RO}, braided symmetric

{Qp» {1/% X}*}* = =+ {Roﬂ/% {RﬁXv R’B Ra@}*}*
+ {Rs Rux, {R?p, R*y},},  braided Jacobi identity

{0, ¥} x £ (RaV) {R“p,x}+«  braided Leibniz rule

{o, ¥ x}+



Braided BV Quantization
» Braided BV Laplacian Agy : Symg V[2] — (Symz V[2])[1]:
Apv(l) = 0 = Asv(y) , Asv(ey) = {p, ¥}

Apv(ab) = Apv(a) b+ (—1)'aApy(b) + {a, b}

Apv(pr--¢n) = D> E (i, Ry Ray_10))

i<j
X o1 im1 (RO pipn) -+ - (RY ™1 j_1) @js1 -+ Pn

Implements braided Gaussian integration/Wick's Theorem  (Oeckl '99)
> Satisfies (5 Apy + Ay lf = 0, A2, = 0, Apy(SE,) = 0
> Q2, = 0 where Quy = 5 +{S5,,—}+ ihAuy

> Quantum observables (Symy V[2], Qsy) form a braided Eo-algebra



Braided Homological Perturbation Theory

> Propagators give braided strong deformation retracts of V[1]" ~ V[2]:

1, em—=1 = v+

—_— s * T =
I (V[2]7€1) ¥ =0,y =0,7y =0

<—

(H*(v[2)).0)

where m,. = Url(TM)-equivariant , v = Url(TM)-invariant

-
Symz V[2], £)

—

> Observables:  (SymzH*(V[1]),0) .

> Homological Perturbation Lemma: With Uzl (TM)-invariant
0 = {S}, —}« + iR Apy, there is a braided strong deformation retract

] '

f (SymR V2], QBV)

(Symg H*(V[2]),9)

where Tl = M(1—6M)"'6F = Mo i(ar)

x

> (o1 on) = N(p1---pn) € Symz H*(V[2]) are (smeared) n-point
correlation functions on vacua H®(V[1]) of the braided field theory



Noncommutative Scalar Field Theory
V=VieV, , Vi =V, = C®(R*) , Moyal-Weyl twist:
=6 =0+m  05(61,02,03) = Ag1K ks
Braided field equations:
Fi = G(0)+ 516(6,6,0) = (O+m*) o+ 5 6xdx0
With cyclic inner product (¢,¢"), = [ d*x ¢+ ¢, action is:

St = /d4x (%¢*(D+m)¢+ ¢*¢*¢*¢)

Standard noncommutative scalar field theory is organised by a
braided L..-algebral

Plane waves ex(x) = e | (e}, e))x = (2m)*8*(k — q)



Noncommutative Scalar Field Theory

» Interactions: S, = fk1 g Viks €y e, € Symg V[2]:

i Y kixky
Vig,..ky = € 1</ n)* 6* (ki + - + ka)

» Deformation retract: H®*(V[2]) = 0 for m*® > 0:

-6
()
(0.0 "T T (VIh&) 6 =4t = (Orm)
Y
» Correlation functions: (C,0) -~ - (Symz V[2], Qsv)
(p(xa) * -+ x d(xn)) = Z N(ikApy T+ {She, =}« r)k((sxl"'(sx,,)
=1

where d,(x) = §*(x —x;); only M(1) = 1 is non-zero (as 7 = 0)



Noncommutative Scalar Field Theory

»> Example 1: 4-point function of free braided scalar field (A = 0):
(p(x1)x % 0(xa)) = (ihBovT) (b -+ 0x)
= (01¢2) (d3 Pa) + (¢1 Ruh3) (R* G2 fa) + (b1 $a) (2 ¢3)

— 1 k-(xj—x;)
. e i . .
where (¢ ¢;) = —1h/k R Braided Wick's Theorem

» Example 2: 2-point function at 1-loop (order \):
(@0a) xd(x2)) = (ihAny )’ {Shi,T (5 6x)}

2 e~ th(i—x) 7 7ih/ e~ iklGa—x)
k

2 ke (K +m2)2 (K3 + m?) k2 + m? + IT,(k?)

identifies self-energy

i A [ d'p 1
h T2 ) @) pPm?

No UV/IR mixing (at this order in this correlation function)



